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, ^ ■ Abstract 

' The compatibility of the multi-Regge form of QCD amphtudes in the quasi-multi- 

Regge kinematics (QMRK) and the s-channel unitarity imposes some constraints on 
the effective jet-production vertices. We demonstrate that these constraints known 
^ ' as bootstrap conditions are satisfied for the amphtudes with the Reggeized quark 

■ exchanges. 
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1 Introduction 



Oh! 
(D . 

' This article continues the development of the quark Reggeization theory [1] 

in QCD. A noticeable progress has been recently achieved here, in particular, 
^ . the quark Regge trajectory in the next-to-leading approximation (NLA) in D 

dimensions was found [2,3] and the next-to-leading order (NLO) corrections 
to the effective vertices appearing in the leading logarithmic approximation 
(LLA) were calculated [4,5]. All these results were obtained assuming the 
reggeized form for amplitudes in the multi-Regge kinematics (MRK) in the 
NLA. It is clear that this assumption, called the quark Reggeization hypoth- 
esis, must be proved. However, in the NLO it is tested only in order [2,3] 
so far. Moreover, its complete proof in the LLA for any quark-gluon inelastic 
process in all orders of as was given only recently [6]. This proof is based on 
the relations required by compatibility of the multi-Regge form of QCD am- 
plitudes with the s-channel unitarity (bootstrap relations). The fulfillment of 
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the bootstrap relations is secured by several conditions (bootstrap conditions) 
on Reggeon vertices and trajectories. An analogous proof can (and has to) be 
constructed in the NLA as well. 

The only kinematics essential in the LLA is MRK, which means that all parti- 
cles produced in a high-energy process have limited transverse momenta and 
are well separated in rapidity space. In the NLA, production amplitudes in this 
kinematics can be obtained by taking one of the effective vertices or Regge tra- 
jectory in the NLO. But in the NLA another, quasi-multi-Regge kinematics 
(QMRK) becomes also important. In this case one of the produced particles 
is replaced by a jet containing two particles with similar rapidities. At this 
moment all multi-particle Reggeon vertices required in the NLA are obtained 
[7]. Therefore, a proof of the quark Reggeization hypothesis concerning the 
QMRK may be given. 

In this paper we prove the quark Reggeization in the QMRK. Our method is 
the direct continuation of the one used to prove this hypothesis in the LLA. 
The bootstrap conditions for amphtudes in the QMRK are the same as in the 
LLA with the substitution of jet production vertices for particle production 
ones. Hereafter we demonstrate that all these conditions arc fulfilled. For con- 
venience we work in the operator formalism, which was introduced in [8] and 
extended to inelastic amplitudes and quark exchanges in [6]. 

The paper is organized as follows. The next section contains all necessary 
denotations and the definition of the QMRK. Section 3 presents the bootstrap 
conditions in operator formalism. In section 4 we prove these conditions for 
impact factors and Reggeon-Reggeon-jet (RRJ) effective vertices. Section 5 
concludes the paper. 



2 Quasi— multi— Regge form of QCD amplitudes 

Considering the QMRK we talk about a multiparticle production amplitude 
as about the amplitude of jet production where one of the jets consists of 
two particles. Such a jet can be produced either in the fragmentation regions 
of initial particles, or in the central region, i.e. with the rapidity far away 
from the rapidities of colliding particles. Let us consider the process A + B ^ 
A' + Pi + .... + Pn + B' in the QMRK. Using the same denotations as in [6] 
we introduce light-cone momenta rii and nf = = 0, (nin2) — 1 and 
denote {pn2) = p"*", {pni) = p~, so that pq = p^q~ -\-p~q^ Here 
the sign _L means transverse to the (ni,n2) plane components. We assume 
that initial momenta pa and Pb have predominant components along rii and 
n2 respectively. For generality we do not demand that transverse components 
Pai. and pbi. should be zero, but assume \p\±\ ~ ~ pi ~ Pb ^ PaPb 
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and remain limited (not grow) at PaPb ^ oo. For the final jet momenta 
Pi, i — 0, n + 1, we assume the QMRK conditions: 

Po < Pr < ■ ■ ■ < Pn < Pn+l > 

Pn+l < Pn < ■ ■ ■ < P^" < Pj, (1) 

where pi± are limited. It ensures that the squared invariant masses Sij = {pi + 
PjY are large compared with the squared transverse momenta and invariant 
masses of the jets. At i < j they have the form 

^ 2ptpj = ^(pj - pI) = ^(p^ - pI) , (2) 

Pj Pi 

and at i < I < j submit to relations 

Siisij ^ Sij{pf - pf^) . (3) 
For the momentum transfers Qi, i — 1, . . . ,n + 1, 

qi=Po-PA, qj+i = qj+Pj, (j = l,...,n), (4) 

we have 

q- ~ ql ■ (5) 
In the LO the amplitude ^2^n+2 of the process A + B ^ A' + Pi + .... + Pn + B' 
has the multi-Regge form 



o-l P. O'', 



AjL _ -pill ■'I Pi ■'2 P„ p7^„+i /^x 

"1 "2 "n+l 

where f and T^/^ are the particle-particle-Reggeon (PPR) effective ver- 
tices, describing particle-particle P ^ P' transitions due to interaction with 
Reggeons TZ. For gluon quantum numbers in qi channel, Ui — 0Jg{qi) is the 
gluon Regge trajectory and di ~ di{qi) = qf^\ for quark numbers, cUj = i^Q{qi) 
is the quark Regge trajectory and di = di{qi) = m — qi±. l^^-ji-^^ are the 
Reggeon-Reggeon-particle (RRP) effective vertices describing production of 
particle Pi at Reggeon transitions 7^i+i — > TZi. In order to be definite we do 
not consider here antiquark quantum numbers in any of qi channels. It deter- 
mines the order of the multipliers in (6). Nonetheless, our consideration does 
not lose generality because amplitudes with quark and antiquark exchanges 
are related by charge conjugation. 

Since we come to the QMRK replacing one of the particles Pi in the MRK 
with a pair with fixed invariant mass, QMRK amplitudes have the same form 
(6) as LO MRK ones, where one of the vertices ^^^-ji or T^,p is substituted 
with the jet production vertex 7^^^^ or T^pip,^p respectively. Note, that 
because the QMRK leads to the loss of a large logarithm in the unitarity 
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relations, energy scales in (6) are unimportant in the NLA. Moreover, we need 
trajectories and vertices only in the LO there. Assuming similar ordering of 
longitudinal components one can obtain the more general multi-jet amplitudes 
^^„^^2+n2 froi^ ^y usual crossiug rules. Note, that as in (6) we can 

neglect imaginary parts of these amphtudes since in the QMRK they are next- 
to-next-to-leading. Therefore, as well as for the amplitudes in the LO, crossing 
rules connecting the QMRK amplitudes do not affect the Regge factors 

Hereafter we work in the physical light-cone gauge 

(ep) = (eni) = 0, e ^ e± —rii, (7) 

P 

where e is the polarization vector of a gluon with momentum p. 

We use the PPR vertices in the LO in this gauge from [6]: 

Tg'G = -'^9PgTg'g{^*G'J^G^) , ^Q'Q = guQ't^l'UQ , 



Tg'Q = -9t e^.^UQ , r^,^ = -gt Cg^vq, , 

= -g^Qt^'eQ^^ , f%G = -9UQ't^eG± . (9) 

Here we denote particles and Reggeons by symbols which accumulate all their 
quantum numbers. We use the letter P for particles (jets) and the letter TZ for 
Reggeons independently of their nature, letters G and Q for ordinary gluons 
and quarks and Q and Q for the Reggeized ones. In the gauge (7) the RRP 
vertices for gluon, quark and antiquark production with momentum p = q2 — qi 
at the transition of Reggeon TZ2 (with momentum ^2) to Reggeon 7?.i(with 
momentum qi) are as follows [6]: 

igg, = '^gTgg, el {q2± - Pgx|^) , (10) 
7g,Q. = -gt^'el (tx - 2(g2x - m)^) , (11) 



C2 = 9 UQ-+t''\ i^Q^g^ = -gt"" —VQ . (12) 
Pq Pq 

The particle-jet-Reggeon (PJR) and Reggcon-Reggeon-jet (RRJ) effective 
vertices taken from [9] and [7] can be presented in different forms and our 
goal is to find the presentation in which subsequent calculations become triv- 
ial. Taking this in mind we introduce a set of functions Fj, Ki, Vi (see below 
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eqs. (20-33) which determine all the PJR and RRJ effective vertices. The se- 
lection of these functions is a nontrivial task and a result of the analysis of 
cancellations during the verification of all QMRK bootstrap conditions. 

Firstly, we introduce Xi = k^/k", with ki being the momentum of the final 
particle and k = ki + k2 the momentum of the jet, so + X2 — 1, we also use 
V = X2ki± — Xik2±. The commonly arising denominators may be expressed via 

D{p, q) = xip\ + X2q]_ and d{p, q) = {xip± - X2q±f' . (13) 

We rewrite all RRP and PJR effective vertices in terms of the functions Gj, 
Ki,Vi by means of the following identities 

1 X2 



^2±(^i± - "^^) ^2±(-D(^2, ki) - X2'm?) 

^ {kl^-m?){D{k2,k{)-X2m^) ' ^^^^ 



X1X2 



{d{k2, ki) - xlim?){D{k2, ki) - X2m'^) 
1 f 1 



{ki + k2)\ — m'^ \d{k2, ki) — xlm'^ D{k2,ki) — X2rn? J ' 



(15) 



x\kl^ - xjkj^ = {xi - X2)d{k2, ki) - 2a;ia;2(A;i + A;2, v)± 
= XiX2{kl^ - kl^) + {xi - X2)D{k2, ki) , (16) 

{ei,v)±_{e2k2)± + (e2, w)±(eiA;i)_L 

= 3:2(62, ki + k2)L{eiki)^ - xi{ei, ki + k2) j_{e2k2) i_ 

= xi{e2, v)±{ei, ki + k2)± + 0:2(61, v)±{e2, ki + /c2)±, (17) 



Ukini 7^ + 7^ Vk^ = 2k Uk^-flvk^ , (18) 

\ Xi X2 J 

- . fki± + m k2±-m\ 

UkiTii 7^ + 7^ = 2k Uk^-fluk^ , (19) 

\ Xi X2 J 

where 6iand 62 are the polarization vectors of emitted gluons. Our functions 
are: 

(/C2, ki) = ei± (2xik^^ - X2{h± + m)7'^) , 
Fr{k2,k,)^ Fr(k2,k,)\,^,, (20) 

i^2''(^2, ki) = Y (2x1(62, v)± + X2 e2± (v + X2m)) , (21) 
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F^{k2, h) = eix {2v'' - X2 {v - X2m)) , (22) 

F^{k2, h) = e2± {-2v'' + xi {v + xim)) , (23) 

F^ik2, ki) = 62 (v + m)- 2xiv^') , (24) 

F^ik2, ki) = ei (-7^^ {v-m)+ 2x2V^') , (25) 

F5{k2, ki) = {k± + m){k2± + m) , (26) 

- rnr/f^^'"tr5- , (27) 

{D{k2, ki) — X2m^){kfj_ — m^) 

k^,{k2M) = K^{k2M\^2 (28) 



^(^-^-)- (g(t^-t^)l ' ^.^(^^>^0-i^.^(^.^OL.., (29) 



, , _ 4xifcj-^(e2,fc2)x , , _ 4x2A:^(e2.A:2)x , . 

^3{k2,k,)- ^(^^^^^)^2^ , K3(/^2,A;i)- D{k2,k,)kl^ ' ^^"^ 

Vf(A;2,A;i) = 2xiX2 (6162)^^'' - 2xi(e2,t')±e5'j^ - 2x2(ei,t')_Le^j^ , (31) 

ei±^^(^2, ^i) = a;ia:2 (eiCa)^ (^ax - ^i±) 

+ 2 (ei, ^;)±(e2A;2)± + 2(e2, v)±{ei, ki)± , (32) 



^3'(^2, ki) = 2x1X262^^;'^ - 2xi(e2, ^;)±7± - 2x2i)±e^^ , (33) 

where 1 <-> 2 means fci <-> ^2, Xi <-> ^2, ei <-> 62- 
Notice that 

ei'^F3':4(A;2, k,) = e^^F3':4(A;2, A;i)|^^^ (34) 

and 

e>^K^{k2,ki)l^^ = e',K^{k2,ki) . (35) 

The functions Vi (A;2, ki) , e'^j_V2 (/c2, ^1) are antisymmetric under (1 2) re- 
placement. One can see that V^{k2, ki) equals Vi'{k2, ki), where Ci^is changed 
to 7_L. We also need some of these functions with the substitution ei — > ni. 
We mark them with a "— " sign, e.g.: 



Fr''{k2, ki) = fii (-7'^ {v-m) + 2x2v'') . (36) 

Now we are ready to present the P JR effective vertices describing the transition 
of a particle with momentum A; + to a jet with momentum k — ki + k2 and a 
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Reggeon carrying momentum q (everywhere below (1 <-> 2) means in addition 



-t---t^- ;f-f^^^^^ + (l-2)l.,, (37) 
d[K2, Ki + q) — X2m^ ' 



^ {GiG2}G ~ y ^'^ ^ l^Gg-'GiGs 



vr{k2M) 

2d{k2, ki) 

'G1G2 d{k2 + q,ki) ^ ' ) 
where is the polarization vector of the incoming gluon. 



(38) 



^ {QiG}Q 



F^{k2M 



d{k 2, ki) — X2W? 



+ 



ft'' 



F^''{k2 + qM) _ ^g^G F,-''(k2,k, + q) \ ^ 
d{k2 + q,ki) — X2m'^ d{k2-iki-\- q) — x^m? ) ^ 



(39) 



where ki and k2 are momenta of the emitted quark and gluon and 62 is the 
polarization vector of the outgoing gluon. 



^ {QG2}G 



G2^G F^{k2 + q,ki) 



d{k2 + g, ki) - w? 



G^G2 F^{k2,ki] 



d{k2, ki) — XqW? 



+ 



Vi{k2,k, + q) \^__ 
Xid{k2, ki + q) J 



(40) 



where is the polarization vector of the incoming gluon and ki and k2 are 
momenta of the emitted antiquark and gluon. 



{QiQ2}Q 



9' 



2k- 



t 7^Mq ® Uq, 



rF^^'{k2, ki 



+ 



rf(A;2,A;i) 
t''F^^{k2 + q. ki) 



2 i^Q 
X2m^ 



where ki and /c2 are momenta of the emitted quark and antiquark. 

,G+g F^^{k2 + q,ki) 



(41) 



d{k2 + g, /ci) - 



g+G 



Fr''{k2,k, + q) 
d{k2, ki^-q) — w? 



+ 



F^''ik2,ki) 

d{k2, ki) — m? 



(42) 



where is the polarization vector of the incoming gluon and ki and k2 are 
momenta of the emitted quark and antiquark. Quite analogously, the RRJ 
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effective vertices describing the production of a jet {P1P2} with momentum 
= /ci + /c2 at the coUision of two Reggeons with momenta —qi and q2 look 
as follows 

9 ^G,G,^g,g, I 1^ {k, + k,)l '^'^J + D{k2,k,){k^ + k2)l^ 



2Vl{q2-ki,ki 

D{q2 
+ (1^2) ; 



+ ( ^3 (^2, h) - K^iq^ - k„ k,) 



7qiQ2 - 9 



V^{k2,ki) ^ {ki + k2)lVr{k2,h) \ q2±-m 
D{k2,ki) d{k2,ki) J {ki + /ca); 



2d{k2,ki) J \D(/c2,g2 - - 3;2m^ 



+ {e^^K^{k2, q2 - k2) - e>t^k^{k2, k,)) {q2± - m) | + (1 ^ 2) , 
where ei, 62 are the polarization vectors of the emitted gluons. 

2V2^{k2,q2 -h) , 2 T>i^n 1 ^^ 



(43) 





1 




2ki \ 



where ki and ^2 are momenta of the emitted antiquark and gluon and 
the emitted gluon polarization; 



(44) 



62 IS 



2 M - 

9 e^±UQ 



— — — - Ki ^ 52 - ki, ki){q2± - m) 

D{q2 - ki, ki) - X2m^ 



_ ^g^G ^{k2, q2 - ^2) _ ^c^g -^3 ^(^2, ^i) 

D{k2, q2 — k2) — X2rin? d{k2, ki) — xlw? 

+ tH"" ( K^''{k2, kr) + i^2"''(A:2, A;i) - ii:2~'^(A;2, q2 - h 

Fi^{k2, ki) \ 



+ 



^ ^G^g ( F^'{k2M 

\d{k2,ki) - xlrn? ' D{k2,ki) 



■2) ) (g2± - m) 
1 



r^2/r —{h±-m) 
X2Tn J ki± + k2± — m 



t^t^irr^(A;2,fci)(g2±-m)), 



(45) 



where ki and k2 are momenta of the emitted quark and gluon and 62 is the 
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emitted gluon polarization; 



AQQ} 



k 



01 niF^{k2,q2 - ^2) 



_ ^fo^ei TiiFsfe - fei, ki] 



D{q2 - ki, ki) - w? ^ 



{h + k2) 



hi + 



hiF^{k2, fci) {ki + k2)lF^''{k2, kiY 



D{k2,ki)-m^ 



d{k2, ki) — m? 



/Q1Q2 



2k2 \D((l2 — ki, ki) — X2m? 

,2.a_Q2±^rn_ , hiF5{k2, ki) (^]jKfc2)W^XVfcl)\ , 

~ ^ ^ rihTW Dik2,ki)-m^ dik2,ki)-m^ J""^ 

-^'''^'--^' \k-^£^^^ 

where ki and k2 are momenta of the emitted quark and antiquark. 



3 Bootstrap conditions in QMRK 



In this article we prove a part of the quark Reggeization hypothesis in the NLA 
for the QMRK or in other words the multi-Regge form (6) for the QMRK. 
Here it seems sensible to make two remarks concerning "Reggeization" and 
" signaturization" . These notions were carefully discussed in [6] for the case of 
the LLA. In the QMRK all conclusions are vahd as well with the corresponding 
substitution of "jets" for "particles", so the reader is referred to the end of 
Section 2 of [6]. 

The proof of the form (6) in the QMRK may be done by obvious extension 
of the corresponding argumentation presented in [6] for the LLA It is based 
on the relations required by the compatibility of the quasi-nnilti-Regge form 
of the QCD amplitudes with the s-channel unitarity (bootstrap relations). 
Fulfillment of the bootstrap relations impose some constraints on the Regge 
vertices and the trajectory (bootstrap conditions). The bootstrap conditions 
are formulated in this Section and checked in the next one. 

It is worth mentioning that besides all, the argumentation in [6] uses the 
amplitude in Born approximation to calculate loop-by-loop all radiative cor- 
rections to Born amplitudes and examine the formula (6). Therefore, the Born 
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form for the QMRK has to be proved first. It is verified for the corresponding 
tree amphtudes from which the vertices 7-^^^^ and ^^pipi^p were extracted. 
For the amplitude with an arbitrary number n of emitted particles the proof 
may be performed via the i-channel unitarity as it was done in [10,1] for the 
MRK. 



In order to present the bootstrap conditions in a compact way similar to one in 
[6] we use operator formalism as in [6] slightly adopting it for jet production. 
So, {Qi\ and \Qi) are "bra"- and "ket" -vectors for t-channel states of the 
Reggeized gluon with transverse momentum ri±_ and colour index Q^. Their 
scalar product is 

{Qr\Q3)=rlJ{n^-r,^)5g^g,. (46) 

Similarly, wc introduce (Qj| and denoting the t-channel states of the 
Reggeized quark with transverse momentum rj^, colour index Qj and spinor 
index pi and their scalar product 

{QilQj) = {m- fiA.)pip^5{ri^ - rj±)dQ,Q.. (47) 

Two-Reggeon states are built from the above ones. It is useful to distin- 
guish the states \TZiTZj) (the corresponding "bra"-vector {TZiTZj\) and \RjTZi) 
("bra" -vector {TZjTZi\). We associate the first of them with the case when 
Reggeon TZi is located in the lower part of Fig. 1, i.e. when it belongs to 
i'^ unitarity relation, and the second with the case when it is 
in the upper part of Fig. 1, i.e. in the amplitude A'^_^2-^a'b'- We define three 
types of states 

= mSj), \QrQ,) = mQj), \Q^g,) = mg,) . (48) 
States of different types are orthogonal one another. All of them create a 



A' B' 




A B 
Fig. 1. Schematic representation of the s-channel discontinuity 6xsc^Aab-*A'B'- 
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complete set, i.e. 

•' '1±'2± 

J (to - ri±)r|^ 

+/(^ig.e /°;:;^°;;r (g,Q.i^>. m 

where summation over colour and spin indices is assumed. 

Bootstrap conditions relate jet production operators, impact-factors and jet 
production effective vertices. We define impact-factors describing jet produc- 
tion in the fragmentation regions of initial particles as the projections of the 
t-channel states \{B[B2}B) or ({74'^742}^| on two-Reggeon states (cf. eq.(32- 
33) in [6]): 

(7^l7^2|{5^5^}5) = 5(rix + - qsi.) 

Z.|2p- V {B[B'^}P^ PB ± )^BP^p{B'^B'^-^) 

2o~, \ B[P^{PB'2}B ^ ^ B{PB'^}i^ PB'J 
PB^ 



where ^Ib'b'}b the particle-jet-Rcggcon (PJR) effective vertices describ- 
ing particle-jet P {-^1-^2} transition due to the interaction with Reggeon 
TZ; the + (— ) sign stands for the fermion (boson) state in the t-channel, 
Qb = Pb — Pb[ ~ Pb'^, the sum is taken over quantum numbers of particles 
P (they can be different in different terms) and the factor l/p^. comes from 
the phase space element in the unitarity relation (see eqs. (27,38) in [6]). The 
factor 1/2 and the last term in each brackets in (50) stand on account of the 
"signaturization" . The bar over particle symbol means, as usual, antiparticle 
while r^'p , T^')^pp,y and T^'p, , L^p\b[b;^} obtained from V'^'p , 'T^^pB'} 
and Tp^, , ^^^b'b'} correspondingly taking instead of wave functions (polar- 
ization vectors and Dirac spinors) of B and B'- the wave functions of B and 
Bl from the first term in brackets of (50). 

Quite analogously, 

{{A[A'^}A\n,n2) = 5{n^ + r2± - qA±) 

y- {A'^A'^}P^ PA ± Lap^P{A'^A'^}) 
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I (f<Ti2 rTii _|_ pV^2 _ f{iii_ \ 

{^^ip'^fpA'^jA =•= r xrpi'jE p'^J I , (51) 

where qa = Pa'^ + Pa'^ - Pa- 

The strong bootstrap conditions resulting from the quasi-elastic (one final 
particle is a two-particle jet) amplitudes impose the following constraints on 
the impact factors 

\{B[B',}B) = g\n^{qB±))rfs,B',}B: {{A[A',}A\ = gTf^^^A',yA'^MA±)\ , (52) 

where \TZuj{(l±)) are universal (process independent) eigenstates of the kernel 
JC (see eq.(43) in [6]) with the eigenvalues uJn{Q)- From calculations in leading 
order we know that 

{QMQM) = Kri^ + r2± - g±)Tgg, , 
(^?iQ2|Qu;(g±)) = 5(ri± + r2± - gx)i^\ 
{QiQ2\Q.{qi-)) = -Kri± + r2± - q±)t^'. (53) 



Similarly to the impact factors for scattering jets we define the impact factors 
for Reggeon-jet transitions (compare with (51)) as 

(7^l7^2|{PlA}7^,■+l) = 5(ri^ + r2± - qj±) 

{^fpiP2}P^^lT^, + l ^ ^%PlP2}^P^ 



+ 



1 



2ki 

+ ^ {rlWIML ± E Pft vtT) } . (M) 

where 7^7^^^ are the RRJ effective vertices, describing production of jets 
{-P1-P2} at the Reggeon transition 7?.j+i TZf, k — ki + k2 is the jet momentum, 
qj± — — k_i_, the +(— ) sign stands for the case when the Reggeon 

quantum numbers (i.e. quark or gluon) in the j and j + 1 channels are equal 
(different). Analogously 

{{PiP2}ni\n^n2) = 5(ri± + r2± - g(i+i)±) 
2kt V^i-f'^^i^i -m7{pp2}; 

ot.+ l,^ P2PT^7ei7?.i ± J^pP2 7{pPi}j p l^^J 



2 
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where q{i+i)± = qi± + k±. 

In expressions (54), (55) we introduced the effective vertices l^p-^p,^y One can 

obtain them from 'jji^Ti^^ replacing the wave-functions of the emitted particles 
with the wave-functions of the corresponding incoming antiparticles: 

UQ VQ, Vq UQ, e*Q eo (56) 

and inverting the momenta kp^ — > —kp.. In fermion case we also have to 
change the overall sign due to the operator ordering. There is no uniformity in 
literature on the matter of including this factor (—1) into the definition of the 
corresponding effective vertices l'^p^p^^^ or into the impact-factor definition. 
We define all pair-production vertices without it. As for the RRJ effective 
vertices, we follow the denotations from [6], where is defined with (— 1). 
Thus, when this factor arises and it is not included in the RRJ or PPR effective 
vertex we explicitly write it in the impact-factor. 

Finally, we introduce the operator {P1P2} for the production of a jet {P1P2} 
with the overall momentum k = ki + k2 a.s having the following matrix ele- 
ments: 

(7^l7^2|{p^^}|7^;7^'2) = 5(g(z+i)± -k^- qi^) 

where qii_ = n± + r2±, q{i+i)± = + r^x- 

An additional bootstrap condition, which may be obtained from the bootstrap 
relation for the amplitudes of a process A + B A' -\-{PiP2}+B' , is analogous 
to the LLA one [6]. For "ket" -vectors it reads as follows 

{i^K'}|7^.(g(.+l)x))^rf.+l(g(.+l)x) + |{AP2}7^.+l) = |7^.(g.±))^7£'£S' (^s) 

where qi± — q(i+i)± — k±, while for "bra" -vectors this condition has the form 

9 d,{q,^) {nM^±)\{P^} + {{P1P2W = g ^^Q^^ (7^,(g(.+l)±)| , (59) 
where q{i+i)± = qi± + k±. 

Note that the conditions for "ket"- and "bra"- vectors in (58-59) and (52) are 
not independent since these vectors are interrelated. Indeed, the replacement 
of " +" and " — " momenta components turns any of them into the other, so 
we consider only "ket" -vectors herein. 

Jet production in the central region in the Reggeized gluon collision and in 
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the fragmentation region with the Reggeized gluon was considered in [11]. 
We investigate here the bootstrap conditions for Reggeized quarks. 



4 Verification of bootstrap conditions on Reggeon vertices 



In this Section wc exphcitly show that bootstrap conditions (52) and (58)-(59) 
are satisfied by the known expressions for the effective vertices presented in 
Section 2. For this purpose we have chosen such a spacial parametrization of 
these Regge vertices that their following insertion into the bootstrap conditions 
leads to trivial cancellations. 

Each bootstrap condition on concrete Regge vertex we check only for {GiQ2\ 
(or for (Qi^2|)- Looking at the diagrams one can see that in case of (Qi^2| 
{{GiQ2\) the calculation is quite analogous being different only in an overall 
"— " sign and the replacement r2 < — > ri. 



4-1 Two-gluon jet production in fragmentation region 



We begin with two-gluon jet production in the fragmentation region. In this 
and the next subsection let us denote the momentum of the incoming quark 

Qb SiS Pb and the momenta of the outgoing Reggeized gluon Qi and quark Q2 
as ri and r2 respectively, ri + r2 = q. Here the momenta of the emitted gluons 
are ki and k2. We also often meet shifted momenta 

k'i± = h±+ri±, k'2^ = A;2±+r2±, k'^^ = A;2±+ri_L, k'l^ = /si±+r2±. (60) 

The bootstrap condition for ^fGiG2}Q form: 

{QiQ2\{G,G2}Qb) = {QiQ2\Qo:{qA)) gr%G,}Q,^ (61) 



where 



{QlQ2\{GrG2}QB) = <^(?± + k^-pBA.) 



X 



4^- y 2-j ^ {GiGalQ ^ QQb ^ -G{GxGi) -QbG 



2A;" GiQ^ {G2Q}Qb ^ Z^-GGi^Qb{GG2} 

1 \ Q G J 

+ 1^2 (62) 

As in the definition of the effective vertices we use the denotation (1 ^ 2) 
assuming the replacement {ei_L, fcij,, a;i, Gi} {e2±, A;2±, 0:2, ^2}- The parts 
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of (62) yield: 



2k 



^ {GiG2}Q ^ 



g3 f ^Ga^Gi^Si ^11^3(^2, h) 

\ d{k2, ki) — xlm? 



k2,ki) \ 



(63) 



2k 
+ 



L.^G{G,G,}^Q,G- 9 ,t J ^^^^^^^^ 



G 



(64) 



3+Gi ( 4.G24.G1 '^2X^3(^2, k'l) 



d{k 2, k'l) — x\w? 



+ 



^6i^G2 



e'^^F!;{k'lk'l) _ . ei^^Fak2,PB-k2) \ 
d{k'i,k'()-xlw? d{k2,PB-k2)-xlmy^' 



(65) 



_L pei_ pQ2 _ ^ 3 ( _.G2 
2^- A^-gGi^Qb{gg2} y \^ 



^G2 e^^F!^{k2,PB-k2) ^ 
d{k2,PB - k2) - xlrn? 



^G2 



d{k2, k'l) — XiW? 



ilvak2,k',y 

d{k2, k'l) ^ 



(66) 



Here we use the relation ei±n2F^ ^ = 2F^ — ni{. . .) to obtain (65). Now one 
can clearly see that (61) is an identity 

The bootstrap condition for antiquark-gluon production reads as 



{giQ2\{QG}GB) = {QiQ2\QUQ±))9rfQ^}G, 



(67) 



but we need not check it because ^fQcjCs connected with the two-gluon 
production effective vertex T^jCjiQa by crossing rules. 

4-2 Quark-antiquark jet production in fragmentation region 



We denote the momenta of the emitted quark Qi and antiquark Q2 as ki and 
k2- The bootstrap condition for T^^q^iq form: 
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{Q,Q2\{QiQ2}Qb) = {QiQ2\Q.{qA)) gV^Q^Q^^Q, (68) 

where 

{QiQ2\{QiQ2}Qb) = 8{q^ + k^-PBA.) 



X 



+ 



Q 



G 



2ki 



2j^- I 2^^Q2G^{gqi}Qb "^2^^QQ2^as{Qi 



^2 \ G 

The parts of (69) yield: 



Q} 



(69) 



Q 



a(A;2, /ci) — 



(70) 



"pSi _ t22 
Z^-G{QiQ2}-(3s' 



2A;- V^^'WiW^QsG 2A; 

Gr 



(i(A;^', A;i) - 



d(A;2, /ci) — m? 



Fr{k2:h) 
d{k2, ki) — m? 



^(92' 



(71) 



1 



\ ^ p 22 _ 

2^-a<9i-<9s{QQ2} ~ 



Q 

2^2 



2k- 



t^H''F^^(k2, k[) 
d{k2, k[) — m 



2 V2 



(72) 



2^Erg.^Gr?^..>.. = -2^^"7>02^-Q. 



+ 



F^{pB-k,M) _ ^g,^a Fr{k'2,k[) 

d{pB — ki, ki) — X2mP d{k'2i k'-^) — x^m? 



d{k'2, ki) — X2W? 
uq , (73) 



2k 



EpSi p22 



+ 



2 Q 



2k- 



-UQ 



' d{k'l ki) - m2 



X2 



^^3-^(^5-^1,^1) 
(^(pb — ^1, ^1) — X2m 



2^2'^QB 



(74) 



Now one can clearly see that (68) is an identity. 
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4-3 Two-gluon jet production in central region 



Here and in the following subsections we denote the momentum of the in- 
coming Reggeon as q2 and the momenta of the outgoing Reggeons TZi and 
TZ2 (the corresponding "bra" -vector {TZiTZ2\) as ri and r2 correspondingly, 
1^1 + 1^2 = Qi- The momenta of the emitted particles (here they are gluons Gi 
and G2) are ki and k2 {ki + k2 = k). The bootstrap condition for '^'q-^q^^ reads 
as follows 

{QlQ2\ {G^2}\Q^{q2A.)) g{m- q2±) + {QlG2\{GlG2}Q2) 

= -<5(gi± + k^- q2±) t^'9lf:Q:\ (75) 

where {G1G2} is the operator of two gluon production with the matrix element 

{QiG2\ {G^2}\Q[Q2) = 5{qi± + k^- q2±) 
^{lf:i'^^G.d',^ir2±-r'2i.y2^ 



+ 7Sf ^^Q.Q'/(rix - r[^)im - h±) + ig'g'A'.^ ^^^x + k2± - r',^) (76) 



and 



{QiQ2\{GiG2}Q2) = S{qi^ + k^- q2±) 

1 

w 



X 



^ ( V , pSi G2Q2 ) 

_J^- ^ {GiG2}G 7Q1Q2 + 2^^Q{GiG2} 'Q j 



+ ^ i:r&.«7£2' + (-1) E ii'ft 7?as,) + (1 " 2) 



(77) 



The term Iq^q'IqIq'^ {f2± + ^2± — '^2±) bootstrap condition (76) is trans- 
formed via (14) as 



^Ss^^gs'/ {r2± + k2± - r^^) = S{q,± + k± - q2±) gH'^' 



X < e: 



'2± 



(A;^, A;l) + ^^(A;^, A;;) - Kl^ (A;^, ^'J - Kl{k2. k[) 

K^{k2, k,) + k^{k2, k,) - K^{k',, k,) - k^{k',, k^) 



{q2±-m), (78) 



The similar procedure helps us to rewrite the contribution of Iq^q'^IqIq'^ ■ Per- 
forming cancellations (which are trivial due to our effective vertex presenta- 
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tion) inside formulas (76) and (77) we get 



{Qi<32\ {GiG2}\Qu,{q2±))g{m-q2A_) 



g^S{qi± + k±- q2) 



,Q2 



{q2-n)'ivr{h,h) 

d{k2,ki){q2 - ri)i 



+ 2 



^02 ^Gi 



fG2 



e';^vr{k2,k'i) 

D{k2,k'i){q2-n)\ 



t^^lt^H^-] ({k, + k2ri.Vak2,k,) , e^,^Vr{k2,k, 



+ 



(ki + k2 



d{k2, ki) 



+ 



D{k2,ki) 



.g.l'Vr{k2M) 



2d{k2, ki) q2± - f2± - m 



+ t^H^H^'e'^^Kt;{k2, fci) - t^H^H^'e^^K^{k2, k[) 



+ 



e>t^K^{k2X) 



+ t 



Gi 



e^^ K!^ {k'„ k[) + K^{k'„ k[) - K^{k2, k[) 



^Gi ^G2 ^Q2 ^2±Pi ik2,k[ 



D {k2, k'l) - X2rn? q2± - f2± - m ^ 



(g2±-m) + (1^2) (79) 



and 



{QlS2\{GlG2}Q2) 



rvr{k2,ki) 

2d{k2,ki) 



J.G2 „M 



2± 



' F\:{k2,q2-k2) 
D{k2,q2- k2) - X2rn' 



+ K!^ {k2, q2 - k2) (g2± - m) 



n 

- 2 



^Gi^G2 



/.02 



{q2-nYAVr{k2M) 

d{k2,ki){q2 - ri)]_ 



fGi^G2 



rVt{k2,ki 



^Gl 



^S2^G2 



e1^Vrik'2,k,) ^ ^g^^^^^g, e^,^Frik2,k[) 



2d{k2, ki) q2± -f2±-m 
1 



D(k'2,ki)(q2-nf_ 



D (k2, k'l) — X2ni? q2± — h^ — m 



+ t''H^H^''ei^^K^{k2,k[)+t''' 



e>i^k^{k'^M) 



+ 



^02 ^G2 



e^^ K!^ {k'^, k[) + K^{k'^, k[) - K^{k2, k[) 



t^'^e^i^K^ik'^, ki) ) (g2± -m)\+{l^2) 



(80) 



One can easily check that the sum of (79) and (80) gives the r.h.s. of (75) 
fulfilling bootstrap condition (58) for this case. 
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4-4 Quark-antiquark jet production in central region 



We denote the momenta of the emitted quark and antiquark as ki and k2 
respectively. The bootstrap condition for 7q^q^^^ has the form: 



{QiG2\ {Q1Q2} |Qc.(g2±)) 9{m- q2i_) + {QiQ2\{QiQ2]Q2) 
= (Ql^2|Q.(gl±))^7g^^ 



(81) 



where {Q1Q2} is the operator of quark-antiquark production with the matrix 
elements 



(82) 



and 



{QiQ2\{QiQ2}\Q[^2) 



(83) 



(Qi^2|{0iQ2}Q2) = (^(gi± + - g2±) 

G 



X 



2A;- 



{QiQ2}G 'Q1Q2 ^ Z^^Q{QiQ2} 'Q 



02 Q2 



+ 91.- 2^^ QiQ7qiQ2 + 



2 A/o 



r& , pQi „,e2Q2 

2^^Q2Q^Sie2 +Z-.^GQ2 7{QiG} 



(84) 



With the help of (14) the contribution of 7Qi'e;7g2Q^ into (Qi^^sl {(3i(52} \QM2±)) 9 
q2i) yields 



m— 



S{qi± + k^-q2±)gH^'^^VQ^ 



® ^/Q.t^^t^i (kl ki) + K2^{kl k,) 

- (^2, ^1) - K2'{k'^, ^i')) (?2± - m) . 



(85) 
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We can present the result for {QiG2\{QiQ2}Q2) in the following form: 



k- 



[ \D[q2-ki,ki) - X2m^ ^ 
- tH'^ ( K^^ {kl k,) + K:^^{kl k,) - K^'-ikl k'l) - K^^ikl k'C 



{q2± - m) 



D {k2, ki) - X2m? q2± - f2± - m 
+ (q2± - m) t" 

tH^^F^ {k'^, ki) t^H^F^ {k2, k'l 



{klk,){q2±-m) 



{<12 - riy_ 



D{k'2,ki)-m^ D{k2,k'i)-m?)^^^ 



q2± - r2± - m 



-{q2± - m) 



{q2± - m) {q2 - ri)^ 



(?2 - riy_ 



t-F^^ (fc2, fcl) 

'd{k2,ki)-m^^^' 



(86) 



The contribution of (Qi^2| {Q1Q2} \ Quj{Q2±)) 9 {fn — q2±) into the bootstrap 
relation reads as follows: 

(Qi6^2| |Qu;(g2±)) gim- q2±) 



= Siqi± + k±- ?2±)|r 



Ki^ (klki) {q2±-m) 



D (k2, ki) - X2rin? q2± - - m 
+ t^H'^ ( K^^ {k'l k,) + K^'ik'l k,) - K^^ {k'l k'l) - K2^{k'l k'l 

{q2± - m) - {q2± - m) 



+ 



tn^-F^{k'2,kl t^H-F^{k2,k'l) \ 
D{k'2,ki)-m? D{k2,k'{)-my^^' 



2 q2± -r2±-m 



+ 



{q2 - ri)l \ 
(?2 -ri)^ J 



t''Fr^{k2,ki) , a n 



{ki + k2) 



. ^ niF,{k2,k^) {ki + k2)'iFr''{k2,k,)\ 

Ti^i + 7T77r^:^-i:2 ^n. n ^2 — r^o^ 



± 



D {k2, ki) - m? 



d {k2, ki) — m? 



(87) 



The sum of the two last expressions gives the r.h.s. of (81) fulfiUing bootstrap 
condition for 7^^^'^'^ 
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4-5 Quark-gluon jet production in central region 



We denote the momenta of the emitted quark and gluon as ki and k2- The 
bootstrap condition for Tgfgf ^■'^ has the form: 

{GiG2\ {Q^2}\QM2±)) 9{m- q2±) + {Sig2\{QlG2}Q2) 
^{QiQ2K{Qi±))9^^'?t\ (88) 

where {Q1G2} is quark-gluon production operator with the matrix elements 



(6^1^21 {QlG2}\Q[g'2) = Siqi± + q2±) 



X 



(89) 



(6^16^2! {Q1G2} \g[Q2) = Siqi± + k^- q2±) 



(90) 



and 



{QiQ2\{QiG2}Q2) = S{qi^ + k^- q2±) 
1 



X 



2k- 



2^^ {QiG2}Q^giQ2 2-.^Q{QiG2}^Q 



Q2Q.2 



+ 



V-pe2 -,{<5G2} _ pSl <52Q.2 

2^^ QiQieiQ2 Z^^QQi '{QG2} 



2ki 



■ WIP 2^y-G2G 701 Q2 - Lg G2 ^{QG} J 
^rv2 Q 



(91) 



The contribution of Iq^qi^IqIqi^ into (^1^2! {Q1G2} \Quj{q2A.)) 9 {m-q2±) yields 
S{qi± + k±-q2±)gH^' [t^H""' 

X e^2±UQ, ( {kl k'i) + K^{kl k'l) - {kl k,) - K^{kl k,) 

- {k2, k'l) - K^{k2, k'l) + {k2, A)i) + K^ik2, fci)) {q2± - m) (92) 

and the contribution of Ig^g'lg^Q' can be obtained from (92) by the substitu- 
tion ri ^ r2, Qi ^ Q2- 
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We can present the result for {GiQ2\{QiG2}Q2) in the following form: 

{GiG2\{QiG2}Q2) 

= S{qi± + k^- q2±)9^e'^±UQ, ( -t^' 



F!^{k2M) 



d (/c2, ki) — X2IV? 



+ 



Fi {q2 -ki,ki) 



- Kl {q2 - ki, ki) {q2± - m) 



^D{q2 — ki, ki) — X2nn? 
G2 ( F^ (^2, g2 - ^2) 

\£) (^2, 92 - ^2) - X2W? 

F^il<2.hi) f'^S^fCn FUh-J^i) t'^H^'-t^^ 



+ {k2, q2 - k2) {q2± - m) 



d {k2, ki) - xlm? q2± - ri± - m d {k2, ki) - xlm? q2± - r2± - m 



+ f 



02 



K>i{k2X) - mKX) 



+ {kl k,) + mkl k,) - K!^{kl k'i)^ 

F^{k2,k'i) t^H'^H^^ 'F^{k2X) 



+ 
+ 



D (k2, k'D - X2rin? q2± -fi±-m D (k2, k'l) - X2'nn? g2± - r2_L - m 

a, (FTi^M) 1 



yD{k2, ki) - X2nn? q2± -fi^-m 
,52 f F^jk'iM) 1 



- K^i {k'2, ki) 



\D (/c^', ki) - X2m? q2± - f2± - m 
+ t^H^H^'K^{k2, k'l) - t^H^H^'K^{k2, k[) 



-t' 



K^ik2, k[) - K^ik'2, k[) + {k'2, fci) 
+ Kl^ik'^M) - mKX))] {^2L - rn) 



(93) 



The contribution of (^1^2! {Q1G2} \Quj{q2i)) 9 {tti — q2±) into the bootstrap 
relation reads as follows: 

(^1^2! {Q1G2} \Qoj{q2±)) g {m - q2±) = 5{qi± + k±- q2±)9^e^_^UQ^ 



X 



02 



-t 



Q2+G2 



^02^01 



{K'i {k2M) + mk2M)) 

K^{k2, k'l) - K^ik'l k'l) + {k'l k,) + K^{k'l k^) - K^{k'l k'l) 

K^{k2, k',) - K^{k'2, k',) + {k'2, h) + Kt^{k'2, k,) - K^{k'2, k',) 

\ 1 



F-!^{k2,k,) ^ Fi'{k2,k,] 



^ \d {k2, ki) - xlm^ D {k2, ki) - X2m? ) k± - m 
t^H^H^'K^{k2, k'l) + t^H^H^'K^{k2, k',) 



-Kl{k2,k,) 
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d {k2, ki) — xlw? q2± — ri± — m d {k2, ki) — x^m? q2± — r2± — m 
_ F^{k2,k'i) t^H^H^' ^ {k2, k[) t^H^H^^ 

D {k2, k'{) - X2'ni? q2± - fi± - m D {k2, k'l) - X2m? q2± - f2± - m 

- inTfr?^- 

L J \D [k2, ki) - X2m'^ q2± - ri± - m J 

+ i niy'if^'^ 2 ^ iK, h)]] 

L J \D{k'^,ki) - X2m^ q2±-r2±-m J J 

(?2± - m) . 

The sum of the two last expressions precisely gives the r.h.s. of (88). 



4-6 Antiquark-gluon jet production in central region 



We denote the momenta of the emitted antiquark and gluon as ki and k2 
respectively. The bootstrap condition has the form: 

{QiQ2\ {0^2} \GUq2±))gqli_ + {QiQ2\{QiG2}g2) 
^{giQ2\QM)9ii£'\ (94) 

where {Q1G2} is the operator of antiquark-gluon production with the matrix 
element 

{GiQ2\ {0^2} \Q[Q'2) = 5{qi^ + k±- q2±) 

and 



{giQ2\{QiG2}g2) = S{qi^ + k^- q2±) 
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The contribution of 1qIqi^1%q'^ into {QxQ.i\ {Q\G'2) |^a;(?2±)) 5' ?i± yields 



4-G2 



Q2± 

2k^ 



X {kl k'i) + X3^(A;^', - {k2, k'i) - K^{k2, k'D) rvQ,. (97) 
We can present the result for {QiQ2\{QiG2}G2) in the following form: 

{giQ2\{QiG2}g2) 



= 6{qi± + k± - Q2±)^ 



(?2-ri)i d{k2,ki) - xlm? 



Gn 



^2 (iIl 



d{k2,ki) - xlm? {q2-riy 



D{k'2,k,)-m\ 



+ f 



- fH^H^''e2 I 1 + 



Y ( 2V^{k2,q2-k2) 
2xi \ D (k2, 92 - ^2) 



+ (^2, q2 - k2) ql± 

4i„2 



D {q2 — ki, ki) — m? 



^K!^ ik2, K) 



'lG2^Gi 


^92 








2xi \ 



+ 



f^G2 



^-91^2 



{kl k'i) + K^{kl k'i) - K^{k2, k'i)j ql^ 



l^V2'{k2^'i) ql^ 



xi D{k2,k'i) {q2-ri): 



The contribution of (^iQ2| {Q1G2} \Gui{Q2±)) 9 (l2± into the bootstrap relation 
reads as follows: 

{giQ2\{Q^2}K{q2±))9ql± 



= S{qi± + k±- q2±) 



k- 



tSH^^]t^^ql^ {q2-n)^^F^{k2M) 



{(l2-ri)\ d{k2,ki) - xlm? 



-t 



G2 



62 1 + 



(ill 



fG2 ^gnG2 



D {k2, ki) — m? ) {q2 — ri)' 



ll±rV2'{k2,k'i) 



2xi 



x,{q2-n)l D{k2,k'i) 
t^H^A t^A qo> Y / ~ 

{k'i, k'i) + K^k'i, ki) - KUk2, k'i) 



k^ik2,k'i) 

Vq,. (99) 



2xi 



The sum of the two last expressions gives the r.h.s. of (94). It concludes the 
proof of the bootstrap conditions. 
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5 Summary 



The further development of the quark Reggeization theory in QCD demands 
a proof of the quark Reggeization hypothesis in the NLO. Besides the MRK 
the NLA also includes another, quasi-multi-Regge kinematics, in which one 
of the produced particles is replaced by a jet containing two particles with 
similar rapidities. In this paper we have proved the quark Reggeization in the 
QMRK by means of the method analogous to the proof performed in the LO. 
It is based on explicit verification of the so-called bootstrap conditions — the 
constraints on the effective Reggeon vertices. These conditions are imposed 
by the bootstrap relations which are required by the compatibility of the s- 
channel unitarity with the QMRK form of amplitude (6). We formulate these 
conditions in the operator formalism in the transverse momentum, colour and 
spin space. This formalism was firstly introduced in [8], then extended to in- 
elastic amplitudes in [6] and adopted here for the QMRK. The direct insertion 
of the effective vertices into the bootstrap conditions leads to extremely cum- 
bersome and tedious calculations, which are almost completely cancellations. 
We make these cancellations transparent for verification introducing nontriv- 
ial parametrization of the Reggeon vertices through the set of functions Fj, 
Ki,.Vi (20-33). 
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